Introduction
As is well known, the Euler polynomials are defined by the generating function to be 2 e t + 1 e xt = ∞ n=0 E n (x) t n n! , (see [1] [2] [3] [4] [5] [6] [7] ) (1.1) When x = 0, E n = E n (0) are called Euler numbers. ζ E (−n, x) = E n (x), (n ∈ N ∪ {0}), (see [3] 
From (1.4), we note that lim λ→0 E n (x|λ) = E n (x), (n ≥ 0). By (1.4), we easily get 5) where (l|λ) m = l(l − λ) · · · (l − λ(m − 1)) and (l|λ) 0 = 1. In this paper, we construct degenerate Euler zeta function which interpolates degenerate Euler polynomials at negative integers.
Degenerate Euler zeta function
For s ∈ C {0, −1, −2, · · ·}, we recall that gamma function is given by
Then, by (2.1), we get
From (2.2), we note that
For λ ∈ (0, 1) and s ∈ C with R(s) > 0, we define degenerate Γ-function as follows:
Note that lim λ→0 Γ(s|λ) = Γ(s). From (1.2), we can derive
Therefore, by (2.5), we obtain the following theorem.
Theorem 2.1. For s ∈ C with R(s) > 0 and λ ∈ (0, 1), we have
By Theorem 2.1, we get
and
Continuing this process, we have
(2.8) Thus, by Theorem 2.1, we get
(2.9) Therefore, by (2.9), we obtain the following theorem.
Theorem 2.2. For n ∈ N, we have
Let us take s = n + 2 (n ∈ N) and λ ∈ 0, 1 n+3 . Then we have
(2.10)
For λ ∈ 0, 1 n+3 , we observe that
Thus, by (2.10) and (2.11), we get
Therefore, by (2.12), we obtain the following theorem.
In the viewpoint of (2.2), we define degenerate Euler zeta function as follows:
where λ ∈ (0, 1) and s ∈ C with R(s) > 0. From (2.13), we have
14)
where x = 0, −1, −2, · · ·. Therefore, by (2.13) and (2.14), we obtain the following theorem.
Theorem 2.4. For s ∈ C with R(s) > 0, we have
,
Let s = n ∈ N and λ ∈ 0, 1 n . Then, we have
From Theorem 2.3, we note that
Therefore, by (2.15) and (2.16), we obtain the following theorem.
Theorem 2.5. For n ∈ N and λ ∈ 0, 1 n , we have
Thus, by (2.17), we get
. Theorem 2.6. For n ∈ N ∪ {0}, we have ζ E (−n, x|λ) = E n (x| − λ).
Remark. We note that ζ E (s, x|λ) is analytic function in whole complex s-plane.
Remark. lim
λ→0 ζ E (−n, x|λ) = E n (x) = ζ E (−n, x).
